Indecomposable modules over semiperfect rings  by Jøndrup, S & Simson, D
.IOIJRNAL OF ALGEBRA 73. 23-29 (1981) 
indecomposable Modules over Semiperfect Rings 
S. JQNDRUP 
University of Copenhagen, Universitetsparken 5, Department of Mathematics. 
2100 Copenhagen 0, Denmark 
AND 
D. SIMSON 
Uniwersytet M. Copernika, Instytut Matematyki. ul. Chopina 12/18 
87/100 Toruri. Poland 
Communicated bJ> P. M. Cohn 
Received July 8, 1980 
0. INTRODUCTION 
Rings of finite representation type are defined as left artinian rings having 
only a finite number of finitely generated indecomposable left modules. It 
then follows that such rings are right artinian with only a finite number of 
finitely generated indecomposable right modules and, moreover, each left and 
right module is a direct sum of finitely generated modules [ 2, 5 1. 
As pointed out in [3] the so-called Cozzens domains give examples of left 
and right noetherian domains with only two indecomposable finitely 
generated left modules not being of finite representation type. Moreover, 
these domains are simple rings and have an infinite number of not finitely 
generated indecomposable left (and right) modules. 
Let us finally recall one more result from [ 3 1: 
PROPOSITION A. Let A be a P.Z. ring with only a finite number of 
finitely generated indecomposable left A-modules, then A is left and right 
artinian. 
In this paper we will consider the following three questions: 
Will a ring A be left artinian if A has one of the following three properties: 
(a) A has only a finite number of isomorphism classes of indecom- 
posable left A-modules. 
(b) A has only a finite number of isomorphism classes of finitely 
generated indecomposable left A-modules. 
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(c) A has only a finite number of isomorphism classes of finitely 
presented indecomposable left A-modules? 
Without further conditions on the ring one cannot expect that (a), (b) or 
(c) will imply that A is left artinian. In fact, the Cozzens domains give 
examples of noetherian rings satisfying (b) not being left artinian. In [3 ] 
there is an example of a commutative von Neumann regular ring satisfying 
(c) not being artinian. K. R. Goodearl has pointed out the following 
example: 
Let I’ be an infinite dimensional vector space over a field F and let S be 
the socle of EndF V. Let A be the ring S + F (F is here identified with the 
center of End,. V). A has just two nonisomorphic simple right modules and 
they are both injective 14, Remark 4.51. A is clearly not an artinian ring. A 
will satisfy condition (a) because each right A-module contains a simple 
module. 
1. SEMIPERFECT RINGS 
In this section we study the questions raised in the Introduction for 
semiperfect rings. But first we recall a couple of known results concerning 
semiperfect rings. 
There is a one-to-one correspondance between the nonprojective indecom- 
posable finitely presented left modules and the nonprojective indecomposable 
finitely presented right modules (established by the Auslander-Bridger 
transpose of a module). Moreover, the indecomposable projective left A- 
modules are of the form Ae, where e is a primitive idempotent of A. From 
these results we get: 
Let A be a semiperfect ring. A satisfies condition (c) for left modules if 
and only if A satisfies condition (c) for right modules. 
Furthermore, let us recall that Eisenbund and Griffith [2] showed that a 
left perfect ring satisfying condition (c) is left artinian. Thus, to show that a 
semiperfect ring satisfying condition (c) is left artinian it suffices to prove 
that the ring is left perfect. We also know that a (semiperfect) ring is perfect 
if and only if there exist primitive orthogonal idempotents e, ,..., e, such that 
el + +. . + e, = 1 and the (semiperfect) ring ejAej is left perfect for all j 
[ 1, 27.7 and 28.111. 
The next two results show that without loss of generality we may consider 
the rings eAe, where e is a primitive idempotent, instead of A. 
LEMMA 1. Let A be a semiperfect ring satisfying (c). Then for each 
idempotent e, the ring eAe will satisfy (c). 
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Proof. As noted above, the ring eAe is semiperfect. Let M be a finitely 
presented indecomposable left eAe-module. We have an exact sequence 
where F, and F, are free eAe-modules of finite rank. By tensoring with Ae on 
the left we get 
so Ae,,, @ M is a finitely presented left A-module. 
Let us now use that for a semiperfect ring each finitely generated module 
is a direct of indecomposable modules; this follows easily from the fact that 
a finitely generated module has a uniquely determined projective cover. 
We get a decomposition of AeeA, @ M, X;l @ . . . @ Xik, say where all the 
X,i’s are finitely presented indecomposable left A-modules. 
Multiplication by e on the left gives 
eAe,,,@MrMkzeX:‘@ ... @eXik. 
Since M is indecomposable we have M g eXj, for a suitable j and the 
lemma is proved. 
Without special assumptions on the ring, it is not always possible to 
decompose the module AeeAe @ M into a direct sum of indecomposables, but 
this problem can be avoided. 
LEMMA 2. Suppose A is a ring satisfying (a) or (b) and e is an idem- 
potent in A. Then eAe satisfies the same condition. 
Proof We assume A satisfies (a); the other case is proved by a similar 
argument. Let M be an indecomposable eAe-module and consider 
W = Aeeae @M. LetM,=(m,EM,JeAm,=O}.M,isasubmodu1eofM, 
and e(M,/M,) = eA4, = M. Since a nontrivial decomposition of M,/M, gives 
a nontrivial decomposition of M, it follows that M,/M, is an indecom- 
posable A-module. Lemma 2 is now proved. One might also note that the 
indecomposable eAe-modules all are of the form eX, where X is an indecom- 
posable A-module. 
In proving that a semiperfect ring is left perfect one has to prove that the 
Jacobson radical is left T-nilpotent, in general we have not been able to 
establish this for rings (of course, semiperfect) satisfying (a), (b) or (c). 
However, we can prove that the prime radical is T-nilpotent. 
PROPOSITION 1. Let A be a semiperfect ring satisfying (c). Then prime 
radical is left and right T-nilpotent. 
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ProoJ It is well known that the prime radical consists of all elements 
a E A such that a = a,, u, ,... with u,+, E a,&, and is ultimately zero. 
Let aj be in the prime radical for all j E N and we have to prove that the 
sequence (a, u, _, . . . ~2,)“~~ is ultimately zero. 
We consider the finitely presented modules A/Aaj, j E N; as noted earlier 
these modules are all direct sums of indecomposable modules and the 
number of indecomposable summands in each such decomposition is at most 
the number of indecomposable summands in a decomposition of A into a 
direct sum of indecomposable modules. It now follows that the modules 
A/,4aj,j E N, can be divided into a finite number of disjoint classes such that 
modules from the same class are isomorphic. 
Suppose that A/As and A/A6 are isomorphic left A-modules, where a and 




with exact rows and an isomorphism$ Since A is the projective cover of the 
modules A/Aa and A/Ah f is induced by an isomorphism g from A to A, 
consequently g is right multiplication by a left invertible element u. Using the 
fact that A is semiperfect it is not difficult to prove that u, in fact, is a unit. 
We now conclude that Aau = Ab. 
Let us return to the proof of the proposition. We pick a finite number of 
elements 6, ,..., b, among the ui)s, such that for each j, aj = rOibi,,u,i, for 
suitable ij E ( I,..., m}, ra. E A and u,,.a unit in A. 
Now infinite many CZ~S must be of that form for the same bij. The remark 
concerning the prime radical in the beginning of the proof will finish the 
proof of the proposition. 
The next theorem is a generalization of a result in [3 1, where the result 
was proved for “finitely generated” instead of “finitely presented.” 
THEOREM 1. Let A be a semiperfect P.I. ring satisfying condition (c). A 
is left and right artinian. 
ProoJ It follows from Lemma 1 and our earlier discussion that without 
loss of generality we may take A to be a scalar local, semiperfect P.I. ring 
satisfying condition (c). According to Proposition 1 it suffices to prove that 
the Jacobson radical equals the prime radical. If this is not the case, there 
must exist a two-sided prime P which is not the intersection of the maximal 
ideals containing it, in particular P is not the maximal ideal. If one considers 
the ring A/P, then [ 61 there exists a central nonzero element C E A/P, which 
belongs to the Jacobson radical of A/P. Since A is scalar local, all the 
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modules A/AC”, n E N, are finitely presented and indecomposable (c denotes 
an element of A, which is mapped to C by the canonical mapping from A to 
A/P). 
Since A satisfies condition (c), there exist m,, m2 E N, such that A/AC*] is 
isomorphic to A/AC”” ’ m2 and as we have noticed in the proof of Proposition 
1 this implies that there exists a unit u in A, such that AC”’ =Ac~~~~~u. A 
reduction of this equation modulo the two-sided prime P gives since C is 
central in A/P, c”l A/P = C *l+“‘*A/P. A/P being prime implies that C is a 
regular element in A/P, thus C is a unit and we have obtained the desired 
contradiction. 
Although we have not been able to prove that a semiperfect ring satisfying 
(a), (b) or (c) is artinian, there are more special cases we have been able to 
handle. The first one is rather easy. 
PROPOSITION 2. Let A be a semiperfect ring satisfying condition (c). If 
some power of the Jacobson radical is a finitely generated left A-module, then 
A is left and right artinian. 
Proof We let Jac(A) denote the Jacobson radical of A. If we consider 
the ring A= A/Jac(A)k, then A is semiprimary and since Jac(A)k is finitely 
generated 2 satisfies condition (c) and hence by [2], x is artinian. It now 
follows that Jac(A) is finitely generated. 
The left A-modules A/Jac(A)” are all finitely presented and are direct sums 
of finitely presented indecomposable left A-modules. Since A satisfies 
condition (c), two of these modules must have the same indecomposable 
summands, and by taking annihilators we get that there exists a pair of 
integers n, m (n # m) such that Jac(A)” = Jac(A)m. Nakayama’s lemma 
implies that Jac(A) is nilpotent and, hence, A is semiprimary and the proof 
of the proposition is completed. 
COROLLARY. Let A be a left noetherian semiperfect ring satisfying 
condition (c). A is left and right artinian. 
2. SEMIHEREDITARY RINGS 
In the remaining part of the paper A will denote a semiperfect, left 
semihereditary ring satisfying condition (c). Since A has no infinite set of 
orthogonal idempotents, A is also right semihereditary. By [8, Theorem 2.7 ], 
A has finite left and right Goldie dimension. 
We first note a corollary to these observations: 
COROLLARY. Suppose A is left #,-hereditary. A is left and right artinian. 
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Proof If Jac(A) is finitely generated, we are done by Proposition 2. If 
this is not the case, then Jac(A) contains a countably, but not finitely, 
generated left ideal I. By assumptions, I is left projective and since A is 
semihereditary, I is a direct sum of finitely generated left ideals, 
contradicting the finite Goldie dimension. 
Now we discuss the problem of whether or not any semihereditary, 
semiperfect ring satisfying condition (c) is artinian. From our earlier remarks 
follows that the problem can be reduced to the case where A is a scalar local 
ring. In this situation we have the following: 
PROPOSITION 3. Suppose A is a left semihereditary, scalar local ring 
satisfying condition (c). Then 
(i) Every Jinitely generated left ideal in A is principal. 
(ii) A is a serial domain, which is a two-sided order in a division ring. 
(iii) There is a finite chain of principal left ideals 
Ab, E ..a s Ab, s Jac(A) 
such that every principal left ideal has the form Abju, where j < n and u is a 
unit in A. 
(iv) Jac(A) = Jac(A)*. 
Proof Let us first notice that A is a domain because the annihilator of 
each element of A is generated by an idempotent and A has no nontrivial 
idempotents. Now (i) and (ii) follow from our earlier discussion and [8, 
Corollary 4.7 and Theorem 4.91. Part (iii) follows from the argument 
proving Proposition 1. In order to prove (iv) we may by Proposition 2 
assume that Jac(A) is not finitely generated as a left ideal. Hence, for any 
a E Jac(A) there exists a unit u such that Aa E Aau. If we write a = rau, 
then r must be in Jac(A) and (iv) follows. 
Note that having a scalar local ring without nontrivial zero-divisors with 
lattice of principal left ideals satisfying (i) and (iii) in Proposition 3 is the 
same as having a serial ring without nontrivial zero-divisors satisfying 
condition (c). This follows easily from our earlier remarks and 18, 
Corollary 3.41. 
The authors do not know whether or not such a ring exists. 
Note also that there is a connection between the problem discussed here 
and the problem of characterizing rings having the property that their flat 
modules form an abelian category. For suppose that A is a ring such that 
every finitely presented right A-module is a direct sum of indecomposable 
modules and that A satisfies condition (c). Let XI,..., X,,, be the finitely 
presented indecomposable right A-module and S, the endomorphism ring of 
INDECOMPOSABLE MODULES 29 
their direct sum. Then the category, Fl-S,, of all flat right S,-modules is 
equivalent with Mod-A and hence is abelian [ 7, Corollary 2.91. It would be 
interesting to have a characterization of all rings S such that FLS is abelian. 
It seems probable that every such ring having a decomposition into a direct 
sum of right ideals is Morita equivalent to a ring of the form S,, . By 19 ] this 
is the case provided S is right perfect. 
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